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Example 4.1.6. Discuss the differentiability of f(z) = |z|.
U . Hiis S Comhguans fon cpyrem
>
X

Solution. For xy > 0, %jx WL\VI,’V‘MK <o (_ VZWHA = A dﬂ'@&w‘im

A_ﬁ_ = Aaixgo Az - Alaicgo Ax ,:_}— ‘@GV\ b & MHW‘ >4
Af ANt N )
For ¢ < O, N NL ¢, >
_ iy fotAz) — fzo) . (ot Az)—(~x0) _
d (‘r)(\ T Az—0 Az Az—0 Az .._/—\.
—
N
For zy = 0. g:)xl
- lm LOFAD=SO) ATy
A0+ Dz CArsot Az
i JOFAD=FO) o ZA
Az—0- A~ A~ Ax A%
1 # —1, so f is not differentiable at x = 0. So, .-
M 7
( .
yrag 000{‘”\\ 1 \_1_f/x\>/\0, & fhd /2775‘4‘ lica
ﬂ/(WY\ —54\ o ¢ (Jz])) = < undefined if x = 0. ¢ .
50 _ . . .
2 =9 -1 1‘f_$\_<~0, %o,q dloes

- m ol exsh
4.2 Properties of derivatives

4.2.1 Differentiation and Continuity

Proposition 1. f(x) is differentiable at xt =y = f(x) is continuous at = = xy.

Proof. Suppose f'(zg) = lim 2 = /(20)

T—TQ T — X

exists, then

i (7)< feo)= tim (HEZTE0). 0 )

T—TQ T—T0 r — o
Ty T — X0 T—T0
= ['(20)) 0= 0.
So, lim f(z) = lim (f(x) — f(zd)y+ lm f(zo) = 0+ f(xo) = f(=zo), thatis, f(x) is
T—T0 T—T0 T—T0

continuous at z. ]
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The converse is not true. For example, let f(x) = |z|. It is not differentiable at x = 0 but is
continuous at z = 0.

" Exe

xercise 4.2.1. Let

fa) = {x2—1, ifr>1

1—z, ifzx<1

4

(a) Show that f(x) is continuous at z = 1.

(b) Show that f(z) is differentiable everywhere except x = 1, and

f'(z) = ¢ undefined, ifz =1
_la ifz <1

4.2.2 Derivative and Arithmetic Operation

Theorem 2. If f(x) and g(x) are differentiable function, then

(1) Sum rule: (f+9) () = f(z) +d'(x).

(2) Difference rule: (f —g)'(x) = f'(z) — ¢’ ().

v £

(3) Product rule: (fg) (z) = f'(x)g(x) + f(x)d (z).
— / ' / DMVC Vi tts Lﬂ;w}z
(4) Quotient rule: <£> (z) = / (x)g(zc;(qj){;x)g (96) Z‘/ rqle + %ﬁmh rale

C@Cfﬁ)

Proof. (1)




Chapter 4: Differentiation I

[z + Az)g(z + Azx) — f(x)g(x) Sy

Aa‘rﬁO Az g\/\/—\
_Jl@+ Az)g(z + Az)/f(z + Az)g(x) + f[X + Az)g(z) +~ f(z)g(z)

SUm Y‘u}( A95—>0\_/—‘/j/—_/éé/
f(z+ Ax)g x—l—Ax flz+ Az)g(x) flz+ Ax)g(x) — f(x)g(x)

£ AimiTs = Jim L + Jim A

= lim [f(z + Ax) - RETIC /:r—i—Aa: g(ac)
gd/m N ‘[j Am—)O
Y _ lim f(.fE + Azx) - lim (:1: +Az) = g(z) + l\i\m f(gc +ar) = f(@) lim g(x)
@/‘ A Ar—0 Ax Az—0 Ax Azso?
(z) + 1 (2)g(x).
Remark. Here we used:
g(x) is differentiable at = = g(x) is continuous at x

so, lim f(z+Ax) = f()

O

Exercise 4.2.2. Prove other rules using the first principle.

4.2.3 Derivative of Elementary Functions

Theorem 3 (Constant function).

fl@)=k = fl(x)=0
Proof.
b fle+Ax)— f(x) . k—k
N L v A A =0

O

As a consequence, we have

(kf(z)) = (k)/f(x) + kf'(z) = kf’(xﬂ for any constant k.
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Remark. It can also be proved by the first principle. 8,

Theorem 4 (The Power Rule). O

(%) = axz®"',| whenever it is well-defined, a € R.

r—ﬁ> O O N~

Proof. We will only prove the special case when n is an integer.
Recall

" — yn — ($ _ y)(xn—l +xn—2y NN xy"_2 +yn—1)‘
/—\/\/——/\/\/\/—"‘/\
So \/\_/v\

(x+Az)" —2" = (z+ Az —2)((x+ Az)" + (x4+ Az)" 2z 4+ (z + Az)a™ 2 + 2" ).

We have
Az)? — "
lim (z+Az)" — @ = lim (z+Ax)" '+ (z + Ax)" 204+ -+ (x4 Az)z" 2 + 2™ 1)
Az—0 Az Az—0
N~

— xn—l + xn—Qx 4. '.%'.Tn_Q + xn—l — nl,n—l'

O
Example 4.2.1.
(%) = 322 reR
1
(Vx) = ix_%, 2 > 0. Caution: x can not be 0.
1
V) = 735*%, x # 0. Caution: z can be negative./” T / >
2 "
(1:%)’ = %CL‘%, x> 0. C‘L\]TJ:<X 5 :'}ZXS
M
Theorem 5 (Exponential function and Logarithmic function). 6% L\% X :F o
() =e*; (a®) =a"Ina, a>0,a#1,zecR
/\/\/) T~ AN SV VA Y
1= , 1
1 —— 1 = 1,2 > 0.
(nu, /uogai) o’ a>0,a#1,2>

Proof. (Optional!) ) J



=9
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. Yy Az
+— lim—"—-=1 lety = -1
yl—r>r(l)ln(1+y) ety =c )

In(1
<— limin( +y)

;’iO/iJ

[MI f‘? ]

=1

\)
-

Example 4.2.2.

1
1. (Vz +2° = 3logyx) = (Vz) + (2%) — 3(logy x)" = 5:1:_% +2°In2 —

xln2
d ,.. d . d
2. d$(m2e)—%(:ﬁ2) e +x2-%( ) = (2x 4+ z°)
, x~ 7/ Le]Javm'}fdlg
Vi > F Y,
() = ) = Ly g A )
J/ oA
vole 4 X
-1 — > ~
= Lx-2 K (- las)?
[

1\? 1
) lim (1 + > =e, (letz= —, definition of e)
Z—r—00 y
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1-2%\’
Exercise 4.2.3. Use two different methods to compute < ) .

Example 4.2.3. Suppose f(z) and g(z) are differentiable. Given f(1) = 1, f/(1) = 2,

g(1) =3, ¢’(1) = 4. Find the value of

atx = 1.

Solution. By the product rule

dx
At z = 1, the above is

F(Dg(1) + F(1)g (1) =2 x 3+ 1 x 4 = 10.

Example 4.2.4. Suppose f(z), g(x), h(x) are differentiable. Compute

L (@),
Solution.
2 (F@)g@)h(e)) = (F@)g(w)) - h(a) + h(r) = (F()g(x)





